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INTRODUCTION 
In a series of papers ([H, A, AH1, AH2, AH3]) J. Alexander and A. 
Hirschowitz have determined the dimension of the space V~. a, n of polyno- 
mials in r variables, of degree at most d, vanishing with their first 
derivatives at n general points, showing that, apart from a few excep- 
tions, the n(r + 1) linear conditions imposed on the coefficients of a poly- 
nomial f by the vanishing of f with its first derivatives at the points are 
independent. 
In this paper we fix our attention on polynomials in two variables. 
Denoting by W the space of polynomials in two variables, vanishing with 
their first derivatives at n general points, we look for the numbers and the 
degrees of polynomials fl . . . . .  fq in W such that each polynomial in W can 
be written as a l f  1 + . . .  +Otqfq ,  ol i polynomials, with f l  . . . .  , fq  of the 
lowest possible d gree and for each degree in the lowest possible number. 
Speaking projectively, denoting by Y(n) the union of the first infinitesi- 
mal neighborhoods of n general points in p2, we are looking for a minimal 
system of generators for the homogeneous ( aturated) ideal Iv(n), which is 
0 the same as considering the multiplication maps trk: H (Ir(n)(k))® 
H°(Op2(1)) ~ H°(Ir(n)(k + 1)) and studying their cokernel. It turns out 
(Theorem 1.1) that for n ~ 2 these maps are of maximal rank; we say in 
this case that Y(n) is minimally generated. Since the ambient space is p2, 
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this gives the minimal free resolution of Y(n), which, if n ~ 2 and n ~ 5, 
is very simple: at most one of the modules of syzygies has more than one, 
and precisely two, nonzero Betti numbers (Corollary 1.14). The second 
exception is due to the fact that, although minimally generated, Y(5) is not 
of maximal rank (see Remark 1.4). 
In [Har] B. Harbourne conjectures that the maps tr k are of maximal 
rank for the schemes defined by a homogeneous ideal I of the form 
( Ip) m N "'" (q (Ipn)m , where Pl . . . .  , p~ are general points in p2, for all 
n > 9, all m > 0. Theorem 1.1 of this paper proves the conjecture for 
m = 2; if n _< 9, this was already known by [Cat and Har]. 
Concerning simple points, we recall that A. Lorenzini n [L1] formulated 
the Minimal Resolution Conjecture, which is about n general (reduced) 
points in pN, and for N = 2 suggests an analogue of Theorem 1.1 and its 
Corollary 1.14 presented here. 
This conjecture has been proved for N = 2 ([GM]), for N = 3 ([B, BG]), 
for N = 4 and many n ([W]), for particular n in pN (see, for example, [L2, 
GL, CRV]), and for any N and n >> 0 ([HS]). There are also counterexam- 
ples to the Minimal Resolution Conjecture for some (n, N); see, for 
example, [EP]. 
SECTION 1 
Our aim is to prove the following theorem: 
1.1. THEOREM. Let Pl . . . .  , Pn be general points in p2, and denote by 
Y(n) the union of the first infinitesimal neighborhoods in p2 of pl . . . . .  Pn; 
then, if n v~ 2, Y(n) is minimally generated, that is, the natural maps o-k: 
H°(Iy(n)(k)) ® H°(Op2(1)) --* H°(Iy(~)(k + 1)) are of maximal rank for 
each k. 
In this section we reduce the problem to proving certain simpler 
statements A(k)  (see 1.10), and we give as a corollary of Theorem 1.1 the 
minimal free resolution of the union of the first infinitesimal neighbor- 
hoods of n general points in p2, for any n (1.14). 
1.2. Notation and Preliminaries 
(i) We work over an algebraically closed field K of characteristic 
zero; from now on O denotes Op2 and f~ denotes ~p2. 
With Ix, r we denote the ideal sheaf of the closed subscheme X in T, and 
we write only I x when T is easily understood; I x will denote the saturated 
homogeneous ideal of X. 
With Y(n) we shall always denote the union of the first infinitesimal 
neighborhoods in p2 of n general points p] . . . . .  Pn. 
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If p is a point in pz, X(P) denotes its first infinitesimal neighborhood in
ff~2. 
(ii) Taking the cohomology of the Euler sequence tensored by 
Iv(,)(k), we get 
0 ~ H°(a (k  + 1) ® Iy(.)) --+ H°( Iy( ,o(k))  ® H°(O(1) )  
crl, 
-') H°( I r (n,(k + 1)) -+ "" 
Hence in the following to study the maps o- k we study their kernels 
H°(O(k  + 1) ® It.(.)). Instead of working in pz with the rank-two bundle 
1~, we shall work in P (~)  with the invertible sheaf Op(a)(1); this is 
necessary because the r mainder of the division of h°(f~(k + i)) by 6 is 
odd for some k (see 1.5, 1.6, 1.8, 1.9, 1.10, 1.13). 
(iii) We set ¢r: P (~)  ~ pz, the canonical projection; ~k'= Op(~)(1) 
® ~r*(O(k). If Z is a dosed subscheme of pz, ~.-I(Z ) denotes the inverse 
image scheme, that is, the dosed subscheme T := Z ×p~ P(f~) of P(fD, 
having as its ideal sheaf the inverse image ideal sheaf of I z. The following 
hold: ~' .(~klr)  -=- O(k)lz and 7r.(~g ® I~) -~ l~(k) ® lz (see [12, Lemma 
2.1]). 
Notice that, ~k being Op~(1) on one fiber, if a section of ~k vanishes at 
two distinct points A, B inside one fiber 7r-l(P), it vanishes identically 
along the fiber. 
(iv) We recall that, if r is a line, resp., if C is a smooth conic, 
121~---Op~(-2)~Op~(-1), resp., 1~1c ~ Opt( -3)  e2. Hence, if S is a 
0-dimensional scheme of length 2d - 2 contained in C, then (see [12, 
Lemma 2.1] and use Op(~)(1)[=-~(c) --- O~,(al,)(1)): 
,<c) ® += l<s)) ---/4°(u(a)lc ® Is) 
= H°(Op~(2d - 3) .2 ® Is) = O. 
(v) For "la m&hode d'Horace," which is used in Section 2, we send 
the reader to [H]. 
1.3. DEFINmON. For n > 1, we set v(n) := min{k > l l(k + 1) 
(k + 2)/2 - 3n > 0} and w(n) := min{k >__ l lk(k + 2) - 6n > 0}. 
1.4. Remark. (i) We recall that for n :# 2, 5, Y(n) is of maximal rank 
(see [H]), that is, the restriction maps pk(Y(n)): H°(O(k)) ~ H°(Oy(m(k)) 
are of maximal rank for each k, and v(n) is the critical value for the 
postulation, that is, the least k for which pk(Y(n)) can be surjective. The 
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unique k for which pk(Y(2)), resp., pk(Y(5)), is not of maximal rank is 
k = 2, resp., k = 4. Hence if n ~ 2, 5, 
fo r0  <k <_v(n) - 1 h°(Ir¢n)(k)) =O, ha(Ie(n)(k)) 
= h°(Oy(n~(k)) - h° (O(k ) )  = an - (k  + 1) (k  + 2) /2 ,  
and 
fo rk>v(n)  ha( Iy~n)(k))=O,h°( Iy~.)(k))  
= (k + 1)(k + 2)/2 - 3n. 
For n = 2, 5 things go the same except that if n = 2, h°(Iy~2)(2))= 
hl(Iy(2)(2)) = 1, and if n = 5, h°(Iy~5~(4)) = ha(Iy~5)(4)) = 1. 
(ii) If n 4: 2, 5 w(n) is the critical value for the generation, that is, 
the least integer for which h°(Ir~.~(k)) ~ 0 and o" k can be surjective. In 
fact, if 
h°(Ir( . ) (k))  # Oand3h°( Iy( . ) (k))  - h°(Ir( .)(k + 1)) >_ 0, 
then 
3h°( I r ( . ) (k ) ) -  h°(Iy(.)(k + 1)) = 3( (k  + 1) (k  + 2) /2 -  3n) 
- ( (k  + 2) (k  + 3) /2  - 3n) = k(k  + 2) - 6n > 0. 
Vice versa, if k(k + 2) - 6n > 0, then (k + 1)(k + 2) /2  - 3n = k(k + 
2) /2  - 3n + (k + 2) /2  > 0, that is, h°(Iy(.)(k)) # O, and as above we see 
that 3h°(Iy(.)(k)) - h°(Ir(.)(k + 1)) >_ 0. 
1.5, DEFINITION. For every k >_ 0, let q(k), r(k) be the integers such 
that: 
h°( l l (k+ 1)) =k(k+2)  =6q(k)  +r (k ) ,  w i th0<r(k )  <5.  
1.6. LEMMA. Setting k = 6t + i, 0 < i < 5, we have the following values 
for q(k), r(k) = r(i), for any k > 0: 
k q(k) r(i) 
6t 6t 2 + 2t 0 
6t + 1 6t 2 + 4t 3 
6t + 2 6t 2 + 6t + 1 2 
6t + 3 6t 2 + 8t + 2 3 
6t+4 6t z+ 10t+4 0 
6t + 5 6t 2 + 12t + 5 5 
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1.7. Remark. For every n such that q(k -  1)< n < q(k) we have 
w(n)=k.  In fact, k(k+2) -6n>k(k+2) -6q(k )=r (k )>O,  and 
(k -  1)(k+ 1) -6n=(k -  1)(k+ 1) -6q(k -  1 )+6(q(k -  1 ) -n )= 
r(k - 1) + 6(q(k - 1) - n) < 0, since r(k - 1) < 5, while q(k - 1) - n 
<0.  
1.8. DEFINITION. In the following P denotes a point in p2, and A, B 
denote two distinct points in 7r-l(P): ~7(A) denotes a nilpotent supported 
on A, of length two, and not contained in 7r-l(P). Finally, if F * F '  
denotes a local splitting of f~, and B is in P(F), with O(B) we denote the 
first infinitesimal neighborhood of B in P(F). 
Now we define the remainder scheme R r for the four possible values of 
r = r(k), that is, 0, 2, 3, 5; precisely, R 0 is the empty scheme, R 2 = {A, B}, 
R 3 = r/(A) U {B}, and R s = r/(A) tA O(B). 
1.9. DEFINITION. We recall that Y(q(k))  is the union of the first 
infinitesimal neighborhoods in fizz of q(k) general points denoted by 
Pl . . . . .  Pq(k). In the following we denote by Z(k)  the union in P(I~) of the 
remainder scheme Rr(k) and of 7r-l(y(q(k))), with Pl, . . . ,Pq(k),  P 
general. 
1.10. Notation and Remark. In the following, "A(k)" denotes the 
statement: 
"The scheme Z(k)  sat isf ies n° (~k+l  ® Iz(k) ) ---- 0 ."  
This is equivalent to the bijectivity of the restriction map r, where: 
0 ~ H°(~k+, ® Iz(k) ) ~ H°(g'k+l) ~ H°(g'k+llz(k~) ~ ... ; 
in fact, h°(~k+l ) = h°(rc.8~k+l) = h°(f~(k + 1)) = k(k  + 2), while 
= + r (k )  
= h°(f~(k + 1)lY<q<k))) + r (k )  = 6q(k)  + r (k )  = k (k  + 2) 
(see 1.2(iii)). 
1.111 PROPOSITION. I f  n ~ 2, 5 we have v(n) < w(n) < v(n) + 1. More- 
over, all the tr k are of maximal rank if and only if trv~n) is injective when 
v(n) = w(n) - 1, and surjective when v(n) = w(n). 
Proof The proof is the same as that in [I1, 2.6]. 
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1.12. PROPOSITION. Let n, k be positice integers such that q(k - 1) < 
n <_ q(k). Then i fA(k  - 1) is true, tr k_ 1 is injectivefor Y(n); i fA(k)  is true, 
and if n ~ 2,5, tr k is surjective for Y(n). 
Proof. If A(k  - 1) is true, the scheme Z(k  - 1) satisfies H°(~k ® 
Iz(k-1)) = 0; recall that Z(k  - 1) is the union in P(I)) of the remainder 
scheme Rr(k_l) with ~r- l (y (q (k -  1))). Adding to Z(k -  1)the pullback 
through 7r of the first infinitesimal neighborhood in ~2 of P and of 
n -q (k -  1) -  1 more general points, we get a scheme Z such that 
7r-~(Y(n)) = Z and we have an exact sequence 
0 ~k ®Iz  ~k  ®Iz(k-1) ~ 'k  ®Iz(~-l) ,z ~ 0, 
which gives, taking cohomology, 
I-I°( ® I z )  -- o. 
By 1.2(iii)we conclude H°(~(k)  ® Iv(,)) = 0; that is, o-~_ 1 is injective for 
Y(n). 
If A(k)  is true, we take away from the scheme Z(k)  the remainder 
scheme R,(k) and the pullback of the union T of the first infinitesimal 
neighborhoods of q(k) - n among the points, and we get a scheme Z such 
that ~- l (Y (n) )  = Z. We have an exact sequence, 
0 ---) ~k+1 ® Iz(k) ---) ~k+l ® IZ ---> ~k+l ® IZ, Z(k) ---) O, 
which gives, taking cohomology, 
h0(~'k+l ® IZ) <-- h0(~-C'~k+l ® Iz, z(k)) 
= h°(~k+l ® O~-,(T)) +hO(~k+l ®OR,,,,) 
and since H°(~+ 11~-l¢T))- H°(O(k  +l)lr) (1.2(iii)) and h°(f~(k +l)lv) = 
6(q(k) - n), hO(~'k+llR~(k) = r(k), we get 
h°( f~(k  + 1) ® Iy(,)) = h°(~k+l ® Iz)  < 6(q(k)  - n) + r (k ) .  
Taking cohomology in the Euler sequence tensored by Iy(,)(k) (1.2(ii)), 
and recalling that Y(n) is of maximal rank, that w(n) = k (see 1.7), and 
hence h°(1y(n)(k)) -¢ 0 (1.4(ii)), we have: 
h°( f~(k + 1) ® Iy(,)) >_ 3h°(Iy~,)(k))  - h°(ly(n)(k + 1)) 
= k(k  + 2) - 6n -- 6q(k)  + r (k )  - 6n; 
hence h°( l ) (k + 1) ® Iy(,)) = 6(q(k) - n) + r(k) and the map tr k is 
surjective. 
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1.13. COROLLARY. I rA (k )  is true for every k ~ 2, 3, then Theorem 1.1 is 
true. 
Proof. I f  n _ 6 there exists k >_ 6 such that q(k  - 1) < n <_ q(k),  and, 
moreover,  Y(n)  is of  maximal rank. We have w(n) = k, hence it is enough 
to prove that for Y(n)  o.k-1 is injective and o.k is surjective. Since by 
assumption A(k)  is true for k _ 5, we conclude by Proposit ion 1.12 that 
Theorem 1.1 holds for any n _> 6. 
We recall that, by the Caste lnuovo-Mumford  lemma (see [M, p. 99]), if 
hl(Ir(n)(t)) = 0, then o.k is surjective for k _ t + 1. This gives immediately 
the case for n = 1. 
For  n = 2, o.3 is not surjective, while it should be numerical ly (see the 
proof  of Corol lary 1.14). 
For  n = 3, v(3) = 3 and w(3) = 4; hence it is enough to prove that o- 3 
is injective by 1.11 and this is trivially true (since h°(Iy(3)(3)) = 1). 
I f  n = 4, v(4) = w(4) = 4, and A(4) is true, so by 1.11 and 1.12 Theo- 
rem 1.1 is true in this case. 
Finally, for n = 5, looking at the postulation of Y(5) we see that 
o-1,... ,  o4 are trivially injective, o.k is surjective for k _ 6 by the Castel- 
nuovo-Mumford  lemma, and o- 5 is surjective, since A(5) is true (this can 
be seen exactly as in the proof  of Proposit ion 1.12, since, although Y(5) is 
not of maximal rank, the restriction maps ps(Y(5)) and p6(Y(5)) are of 
maximal rank). 
1.14. COROLLARY TO THEOREM 1.1. Setting v = v(n), the minimal free 
resolution of Iv(n) is, i f  n ~ 2, n ~ 5 
if o-v is injective (that is, if -v (v  + 2) + 6n >_ 0), 
0 ~ O*&( -v  - 2) --+ Oe'~'(-v) • Oe~' ( -v  - 1) ~ Iv( m --+ O, 
where a I = h°(Iv(.)(v)) = (v + 1)(v + 2) /2  - 3n, /31 = h°(Iv(n) (v + 1)) 
- 3h°(Iy(n)(V)) = -v (v  + 2) + 6n, and [32 = hl(Iy(n) (v - 1)) = a 1 + 
[31 - 1; 
if o.v is surjective (that is, if v(v + 2) - 6n > 0); 
0 ~ O*~'2( -v  - 1) • O*t32( -v  - 2) ~ O~l ( -v )  ~ Iv(n) ~ O, 
with a 1 as above, [32 = h~(Iv(.~( v - 1)) = 3n - v(v + 1)/2, Od 2 
[32 - 1. 
I f  n = 2 the resolution is 
= O~ 1 m 
0 ~ 0( -4 )  • 0 ( -5 )  ~ 0( -2 )  • 0 ( -3 )  • 0 ( -4 )  ~ Iy(2) ~ O. 
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I f  n = 5 the resolution is 
0 ~ O( -7 )  $ O®2(-6)  ~ O( -4 )  $ 0*3( -5 )  ~ Iy(s) ~ O. 
Proof Assume Y(n)  of maximal rank, that is, n 4= 2,5; by Theorem 1.1, 
setting R := K[xo, Xl, xz], the resolution of Iv(n) looks like 
0 -'+ ~ R$a i ( -n i )  --~ R'a1( -v )  ~) R~f l l (  -v  - 1) --) Iy(n) --~ 0 
i=1 . . . . .  t 
with a 1 = h°(Ir(n)(v)), /31 = max{0, -v (v  + 2) + 6n}. 
Let (Aji)i=l,2, i=1 ..... t, be the matrix of u, where each element in the 
a 1 × a; matrix A u (resp., in the /31 × ai matrix A2/) is zero or of a 
common degree denoted by deg AI~ (resp., deg A2). One then has 
- -rt  i + deg Al l  = -v  or Al l  = 0 
and 
--n i -]- deg h2i = -v  - 1 or A2i = O. 
The resolution being minimal, Ali and A2i cannot both be zero; hence 
n i>_v+ l. 
On the other hand, taking the associated exact sequence of sheaves, 
twisting the resolution by v, and taking the cohomology, 
"'" --') H l ( Iy (n) (U) )  ---) H2(  ~ o~a i ( -n i -} -  u) )  
\ i= l , . . . , t  l 
- - -~n2(O*Ct l~O*~l ( -1 ) )  ~ " ' "  
hence  H2(~/=1 ..... t o*a i ( -n i  + u))  = 0, so  n i ~ v + 2. Hence  the  reso -  
lu t ion  looks like 
0 ~ O®~2(-v - 1) • O®&(-v  - 2) ~ O*" ' ( -v )  • O*&( -v  - 1) 
-+ Iy(n) ~ 0 
with a2 +/32 = °tl + /31 -- 1, and v, al, and /31 given. 
Twisting the resolution by v - 1 and taking the cohomology, 
0 -~ Hl ( I r (n) (V - 1)) --, H2(O*" : ( -2 )  • O*~( -3 ) )  
-")' H2(O~0~1(-1) ~) O* f l l ( -2 ) )  --+ ..., 
that is, taking dimensions, /32= hl(Ir(,,)( v - 1)) = 3n - v(v + 1)/2. 
If /31 4= 0, or if -v (v  + 2) + 6n = 0, that is, if % is injective, then by 
computing we find oe 2 = 0. 
If n = 5, using the postulation and the fact that I,'(5) is minimally 
generated, one immediately sees that the minimal free resolution has the 
form 
RESOLUTION FOR FIRST ORDER FAT POINTS 749 
0 ~ ~) 0~" ' ( -n i )  ~ O( -4 )  • O~3( -5)  --* IY(5) ~ 0. 
i=1  . . . .  , t  
As above, one shows that n i > 5; again as above, but twisting by 5, one 
sees that ni < 7, so we have 
0 ~ Oe"2( -5 )  ¢ O*e2( -6 )  • O ' r : ( -7 )  ~ O( -4 )  • O¢3( -5 )  + It(s) 
Twisting by 4, resp., by 3, and taking the cohomology, we get 
0 ~ Hl(Iy(5)(4)) ~ H2(O~2( -3) )  ~ 0, 
hence Y2 = 1; resp., 
0 ~ HI(Iv(5)(3)) ~ HE(O~2( -3)  • 0 ( -4 ) )  --* 0, 
hence /3 2 = 2; and counting ranks a 2 = 0. 
If n = 2, using the postulation we see that 0.1, 0.2 are trivially injective 
and that o- k is surjective for k _> 4 by the Castelnuovo-Mumford lemma. 
Now choose coordinates so that the two points have ideals (x0, x 1) and 
3 2 2 (x0, x2). The vector space (Iy(2)) 3 is generated by Xo, xoxl, XoX2, 
xoXlxz, and it is easy to see that dim(Im 0.3) = 8 while dim(Iv(2)) 4 = 9; in 
fact, the quartic 2 2 x lx  2 is not in the image. Hence 0- 3 is not surjective; 
moreover, the minimal free resolution of Y(2) has the form 
0 ~ O( -n )  * O( -m)  ~ O( -2 )  * O( -3 )  * O( -4 )  ~ Iv(2) -~ 0. 
Twisting by 2 and taking the cohomology we get 
0 --+ Hi(Iv(z)(2)) --+ H2(O(  -n  + 2) (~ O( -m + 2)) --+ 0, 
and since hl(Iy(2)(2)) = 1, we get n < 4 and rn = 5. Now we conclude by 
taking c r 
SECTION 2 
In this section we prove that A(k)  is true for k ~ 2, 3; this (Corollary 
1.13) gives Theorem 1.1. The proof is by induction. 
2.1. LEMMA. I f  A (k  - 6) is true, then A(k)  is true, for each k > 6. 
Proof Let k -k -6 - i (mod6) ;weset  r :=r (k )=r (k -6 )=r ( i ) .  
We are assuming that there exists Z(k  - 6) union in P(I~) of the remain- 
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der scheme R r (contained in I t - l (x (P ) ) )  and of zr - l (y (q (k  - 6)), with 
P l  . . . . .  Pq(k-6) ,  P general points in p2, satisfying H°(~k_5 ® Iz¢k-6)) = 0. 
Let C be a smooth conic in p2 not meeting Pl . . . . .  Pq(k_6) ,P ,  and let 
s I . . . . .  S2k_ 8 be points on C. Denote by T the union of Z(k  - 6) with 
7T-I (S1) . . . . .  "/'/'- l(S2k_ 8). 
We apply the m6thode d'Horace, exploiting zr- lC and considering the 
exact sequence 
0 "~k-5  ®Ires~r-lcT "*~'k-3 ®IT "-")~'k-3 ®ITNtr-'C, rr IC "~ 0"~ 
since res~-lcT = Z(k -6) ,  and since by 1.2(iv) H°(~k_3  ® 1 T n ~r-~C, ~- 'C)  = 
0, we conclude that n°(N'k_3 ® I T) = O. 
Now we consider two flat families of conics in p2 x Spec(K[A]), ,~  
Spec(K[A]) and 5r~ Spec(K[A]), such that the first one is the constant 
family with fiber C, the second one has C as a special fiber ~9~, and there is 
an open subset U in Spec(K[A]) such that for each y ~ U, ~yy is a smooth 
conic meeting C at four distinct points. If ~^~ Spec(K[A]) and 5r^~ 
Spec(K[A]) are two fiat families with fibers of, respectively, k - 4 points 
on Yy = C and k - 4 points on ~yy, which generically are not in C C3 ~yy, 
then Y^Ug-^~ Spec(K[A]) is fiat, and it is possible to assume that 
(Y^U ~'-^)z, which is a scheme of length 2k -  8 contained in the first 
infinitesimal neighborhood of C, consists in fact of 2k - 8 distinct points. 
Then, by semicontinuity there exists an open subset V ___ U such that for 
each y ~ V, denoting by R' the union of Z(k  - 6) with i r -1( (~  ^ U .~A)y) ,  
one has H°(8"k_ 3 ® IR') = O. 
If C' denotes a fiber ~yy with y ~ V, t l , . . . ,  t 4 are the intersection points 
C n C', u 1 . . . . .  uk_ 4 are the points on C' - C, and u 1 . . . .  , vk_ 4 are the 
points on C-  C ' ,  we now consider the union R of R' with 
7r-l(tl), . . . ,  "rr-l(/4 ), "B' - l (X(Ul) )  . . . .  , ¢r-l(X(uk_4)). We apply again the 
m6thode d'Horace, exploiting 7r- a C': 
0 "-)~'k-3 ®Irescr-lc,R "~ ~k-1 ®IR -~ ~k-1 ®IRr3~c-Ic',~-ac ' ""4' O. 
On C' there is a 0-dimensional scheme of length 2k - 4, so H°(~"e_ ~ ® 
Inn,~ ~c,,,~-~c,) = 0; since res=-,c,R = R'  we f ind H°(~°k_ l  ® IR) = 0. 
Finally, we denote by Z the union of R with 7r-a(x(tl)),  
. . . .  " / r - l (x ( t4) ) ,  " / r - l (x(U1 )) . . . . .  qr-l(x(Uk_4)). We apply the m&hode 
d'Horace, exploiting 7r -1 C: 
®-1res.-,,:z --' ® Iz  --' e'k+  ® --' O. 
On C there is a scheme of length 2k, hence H°(g'k+ 1 ® I zn ,~- ,c , ,~- lc )  = 0, 
and since R = res,~-,cZ, we get H°(g'k+l ® I z )  = O. 
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Now observe that (k - 6)(k - 4) = 6q(k - 6) + r, hence 6q(k) + r = 
k(k + 2) = (k - 6)(k - 4) + 6(2k - 4) = 6(q(k - 6) + 2k - 4) + r, that 
is, q(k) = q(k - 6) + 2k - 4. Hence Z(k)  specializes to Z, and by semi- 
continuity the thesis follows. 
2.2. LEMMA. The statements A(O), A(1), A(4), A(5), A(8), and A(9) are 
true. 
Proof. For k = 0, H°(g'x) = 0; hence the statement is trivial. 
For k = 1, Z(1) is the remainder scheme R 3 = r/(A) U {B}, with 
¢r(A) = 7r(B) = P. Let r be a line in p2 through P; let Olr = ~'~r ~ E,  
with E -=- Op l ( -1 ) ,  and choose B ~ P(l lr) ,  and 7/(A) c P(E).  
We apply the m6thode d'Horace, exploiting "n'-lr: 
0 -'-) ~'~1 -'-) ~2 ~ Iz(1) --* ~'2 (~ Iz(1)n~r lr,'n" lr ~ 0. 
We have H°(g'2 ® Izo)n,~-, r ,,-1 r) = 0, analogously to what is proved in 
[I1, Lemma 3.2.1]. Since H°(8;1) = 0, we get H°(g2 ® Iz(1)) = O. 
For k = 4, Z (4)= 7r-l(y(q(4))), where Y(q(4)) is the union of 
X(Pl)  . . . . .  X(P4), with Pl . . . . .  P4 general. Let C be a smooth conic 
through Pl . . . . .  P4, and set M = ¢r- l (pl  u --. U P4); we apply the m~thode 
d'Horace, exploiting zr- 1 C: 
0 - ,  e'l --, e'3 ~ IM --, g3 ~IMn,~-,c,,~-,c--,o. 
Since by 1.2(iv) H°(8"3 ®IMn ,~-,c,~,-lc) = 0, we conclude H°(~"3 ® I u )  = 0. 
We apply again the m&hode d'Horace, exploiting 7r- lc :  
0 "-* g3 ®/res~-~cZ(4) "-~ ~'5 ®/Z(4) ~ ~5 ® lZ(4)n~r-lC,~r-'C ~ O. 
Since M = res,<~cZ(4) and H°(g's ® Iz(4)n~-~c,~-, c) = 0, we conclude 
H°(g'5 ®/z(4)) = 0. 
For k = 5, Z(5) = 7r-l(y(q(5))) t..j Rs, where Y(q(5)) is the union of 
X(Pl)  . . . . .  X(Ps), and R s = , / (A )U  O(B), with 7r(A) = ~-(B) = P and 
Pl . . . . .  Ps, P general; following the notation of Definition 1.8, if f~ = F 
F '  is a local splitting, let A ~ D(F'),  B ~ D(F). 
Let C be a smooth conic through PI . . . . .  P4, P, choose ,/(A) inside 
zr- lC n P(F ' ) ,  and set T = "tr-l(pl k.J ... Ups)  U R 5. We apply the 
m~thode d'Horace, exploiting ~r-lC: 
0 -'+ ~2 ~ Ires~-lcT --'~ ~4 (~ IT"-'~ ~4 ~ ITF)*rr-IC, cr-'C "'+ O, 
By 1.2(iv) (see also [I, 1, 3.2.1]) H° (& ® ITn,~-,c,~-~ c) = 0; moreover, 
1 0 since reS~r-~C T consists of the ¢r- (P5)union with B, H (8"2 ® I~ _,O-) = 
0 (the proof is analogous to the case k = 1 in the present lemma~. So we 
find H°(g~4 ® I r)  = 0. 
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Now let D be a smooth conic through Pa . . . . .  P5 (and not hrough P); 
we apply again the m&hode d'Horace, exploiting zr-1D: 
0 ~ ~4 ~ Ires.-loZ(5) ~ 6 ® Iz(5) ~ ~6 ~ /Z(S)n .-1D,.-10 ~ 0. 
By 1.2(iv) H°(~6 ® Iz(s)n~-iD,~.-~ o) = 0; moreover, res.-1DZ(5) = T, so 
we find H°(8~6 ® Iz(5)) = O. 
For k = 8, Z(8) = zr-l(Y(q(8))) t3 7r- l (P)where Y(q(8)) is the union 
of X(P l )  . . . . .  X(Pl3), and Pl . . . . .  P13, P are general (we should write 
Z(8) = rr-l(Y(q(8))) t3 R2, with R 2 = {A, B}, 7r(A) = ~r(B) = P, but 
here we are dealing only with the sections of 8"k; see 1.2(iii)). Let C be a 
smooth conic and let s I . . . . .  st0 be points on C; denote by T'  the scheme 
union of P, of s 1 . . . . .  s8, and of )¢(s9), X(Slo), X(P11), X(P12), X(P13); set 
T = 7r-iT '. Now we apply the m~thode d'Horace, exploiting zr-~C: 
0 "--~ ~° 5 ~ /res _,c T -">~7 ~]T--'>~7 ~ITn,n" Xc, qr-tc ~ O. 
By 1.2(iv) we see H°(8~7 ® ITn ~ ~C ~-~C) = 0; moreover, since res~-~cT 
consists of ~--1(s9), 7r-l(Sx0), ~r-l(X(P11)), 7r- l (x(plz)) ,  ~r-l(X(p13)) 
union with 7r-l(P), it is a generalization of 7r-a(Y(q(4))) described 
in the case k = 4; hence H°(~5 ® Ires~- lcT)= 0. So we find 
H°(~7 ® I7-) = 0. 
Now let S' be the scheme union of P and of X(sa),. . . ,X(s8), 
X(P9) . . . . .  X(Pl3); set S = I t - iS '. We apply again the m6thode d'Horace, 
exploiting 7r- 1C: 
0 ---~ ~'~7 ® Ires. lcS -"~9 ®Is ~9 ®Isn~-~c,,~-~c  O. 
By 1.2(iv) we see that H°(8"9 ®Isn ~ ~c,~-~c)= 0. Moreover, since 
res~-~cS is a generalization of T, H°(~7 ® Ir~_~ s) = 0, so we find 
H°(8"9 ® I s) = 0, but S is a specialization of Z(8). 
For k = 9, Z(9) = zr-l(y(q(9))) td R3, where Y(q(9)) is the union of 
X(P l )  . . . . .  X(Pl6), Rs = r/(A) t_J {B}, with zr(A) = ~r(B) = P, and 
Pl . . . .  , P16, P are general. Let r be a line in p2 through P; as in the case 
k = 1, let 121~ = ~'~r I~ E, with E = Opt( -1) ,  and choose B ~ P(f~r) and 
~7(A) c P(E). We specialize pl  . . . .  , P4 on r, getting a scheme Z special- 
ization of Z(9), and we apply the m6thode d'Horace, exploiting ~'-lr: 
0 "~'~9 ~Ires~-lrZ "~' ~10 ~Iz  "~ ~10 ®Izn~r-lr, zr 'r ~ O. 
We have H°(~10 ® I z n ~-'~,~-~) = 0, analogously to what is proved in [I1, 
3.2.1] and in the case k = 1; so we get H°(g~0 ® Iz) = 0, provided that 
H°(g~9 ® Ir~_,~ z) = 0; this is true and can be proved in a way very similar 
to that of the k = 8 case. 
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